Solve 2D Steady State Heat Conduction
Proplem with heat generation in Cartesian

Coordinates Using Finite Dirrerence Methoa
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General Heat Conduction Equation in 3D Cartesian Coordinates
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* « —Thermal diffusivity,mT2

*a =k/(p*c)
* k —thermal conductivity of the material , W/(m K)

* p- density of the material, kg/m3
» ¢ —specific heat capacity of the material, J/(kg K)
e g —volumetric rate of internal heat generation, W/(m3)

Assumption of material thermal conductivity

 kx, ky, kz does not vary along each of x,y or z axis (homogeneous)
* kx =ky = kz =k (isotropic)



For 2D steady-state heat conduction with heat generation,
equation (1) reduces to a simpler form

We assume temperature does not vary significantly along z direction when
compared with x and y directions.

Temperature is independent of time (steady state)
0°T = 0°T
+
0x* 0y?
BCs: T(x,y =0) =T1; T(x=m,y) =T2; T(x,y=n) = T3; T(x=0,y) = T4 (2)

m = length of the domain in x direction; n = length of the domain in y direction.

+40=0; T=T(xy)

The above equation is called Poisson equation in 2 dimensions.

To obtain T, we need to solve the above PDE.

We will utilize Finite Difference Method to solve the above PDE.

To do so, we need to replace the partial derivatives with finite difference approximations

We replace the space derivatives with second order centered difference approximations.
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* For simplicity, let Ax = Ay
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* Now let us discretize the 2D domain into a 4 x 4 grid equally spaced,

as shown below. T1
(1,1) (2,1) (3,1) (4,1) (5,1)
(1,2) (2,2) (3,2) (4,2) (5,2)
(1,3) (2,3) (3,3) (4,3) (5,3)
T4 T2
(1,4) (2,4) (3,4) (4,4) (5,4)
(1,5) (2,5) (3,5) (4,5) (5,5)

T3



We have 25 nodes in total
Temperatures are fixed in the border nodes as shown

Our interest is on the (9) interior nodes (2,2)......(4,4)

Let us apply equation (3) on the (9) interior nodes

T2+ T32-4%T+ T2 + To3 = '% *ox?; for(i=2,j=2)

szz == T4_,2 - 4% T3,2 + T3,1 + T3,3 =- g x AXZ; for (|= 3,] = 2)

k
* _ 9%



Boundary nodes have known temgeratures and can be moved to the right side of the equations.
The equations are re-arranged as below

T37-4%Typ++Ty3 =-Ty2 - Tz 1° * Ax?;
Top+ Typ-4%T3, + T33 =-T5, - < AXZ
T32-4%Tyy + Ty3 =-Ty1 - Ts 2" * Ax?;
T33-4%Ty3+ T2+ Ty =-Ti3-7 2 AXZ
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Summary

In this video,

 We presented a 2D Steady State heat conduction problem with heat generation
in Cartesian Coordinates

 The temperature at each of the 4 sides of the square copper plate is fixed and
Heat is generated within the domain.

* We solved the problem using Finite difference method and obtained the
temperature profile

* We resolved the problem using smaller grid spacings and presented the results

* |n future videos, we can explore more challenging problems.
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